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Hard probes produced in perturbative processes are excellent probes for the study of the hot
and dense QCD matter created in relativistic heavy-ion collisions. Transport theory, allowing for
coupling to an evolving medium with fluctuating initial conditions, has become a powerful tool in
this endeavor. However, the implementation of the Landau-Pomeranchuk-Migdal (LPM) effect for
medium-induced parton bremsstrahlung and pair production, poses a challenge to semi-classical
transport models based on Boltzmann-type transport equations. In this work, we investigate a
possible solution to approximate the LPM effect in a “modified Boltzmann transport” approach,
including a prescription for the running coupling constant. By fixing a numerical parameter, this
approach quantitatively reproduces the rates of medium-induced parton splitting predicted by the
next-to-lead-log solution of the AMY equation which is valid in the deep-LPM regime of an infinite
medium. We also find qualitative agreement of our implementation with calculations in a finite
and expanding medium, but future improvements are needed for added precision at small path
length. This work benefits transport model-based studies and the usage of these models in the
phenomenological extraction of the jet transport coefficient.
I. INTRODUCTION
The study of hard probes in relativistic heavy-ion col-
lisions is moving towards the precision era thanks to up-
coming experimental upgrades [1–5] as well as theoretical
and computational advances that allow for the calcula-
tion of jet propagation in a realistic Quark-Gluon-Plasma
(QGP) medium (including event-by-event fluctuating ini-
tial conditions and temperature-dependent transport co-
efficients) [6–26]. Among the goals for this research is the
characterization of the QGP medium in terms of its jet
transport coefficients qˆ.
Transport models are powerful tools that hard probes
can be coupled to the realistic time evolution of the
medium with an event-by-event fluctuating initial con-
dition. However, the numerical implementation of the
QCD analog of the Landau-Pomeranchuk-Migdal (LPM)
effect, poses a serious challenge to a class of widely used
models based on the Boltzmann-type transport equa-
tion or those based on Langevin dynamics. In a dense
medium, multiple scatterings act coherently within the
formation time (τf ) of the medium-induced parton split-
ting [6–9, 27, 28]. The resultant bremsstrahlung rate dif-
fers from those estimated assuming independent incoher-
ent) collisions. As a result, bremsstrahlung in a medium
effectively becomes an n-body to (n + 1)-body process
with a finite extended time scale τf . At high energy, τf
can be much larger than the collisional mean-free-path
λel, and can be comparable to the typical inverse gra-
dient of the macroscopic quantities of the medium cre-
ated in heavy-ion collisions. These situations are partic-
ularly difficult to treat in a Boltzmann transport equa-
tion with local and few-body collision terms. To simplify
the parton bremsstrahlung while retaining essential qual-
itative features, different approximations and prescrip-
tions are used to incorporate the LPM effect into trans-
port models [21, 29–33]. These models are then applied
to phenomenological studies and used for the extraction
of physical parameters such as qˆ. However, insufficient
attention has been paid to quantitative comparisons of
these approximate LPM implementations to the theoret-
ical baselines. Such a step is essential for the reliable
extraction of jet transport properties.
In this work, we have developed an approximation
scheme for the inclusion of the LPM effect into transport
models, aiming for a quantitative comparison between
the model and the theory. The resultant technique is
hereafter termed as “the modified Boltzmann transport”
approach. Here we give a short overview of the approach.
The semi-classical transport model propagates the hard
partons inside a quark-gluon plasma, under the influence
of both elastic collisions with the medium and incoherent
parton bremsstrahlung (inelastic processes) from inde-
pendent collisions. We first focus on the simplest scenario
of a hard parton propagating in an infinite medium with
a constant temperature. The LPM effect is implemented
as a modification to the incoherent inelastic rates, where
elastic collisions broaden the transverse momentum be-
tween the outgoing hard partons and the incoherent rate
is reduced by a factor P . The suppression probability
P is obtained from the leading-log (LL) approximation
of in-medium parton splitting when the number of co-
herent collisions is large Ncoh = τf/λel  1 (the deep-
LPM region), and P ∝ λel/τf . Moreover, a quantitative
agreement with the theory can be achieved by introduc-
ing a next-to-lead-log (NLL) correction to P . The mod-
ified transport model describes the rates for in-medium
bremsstrahlung q → q + g, g → g + g, and pair pro-
duction g → q + q¯ surprisingly well in the deep-LPM
region. Next, we apply the model to cases beyond an
infinite and static medium, because the realistic medium
created in heavy-ion collisions is finite, fluctuating, with
a fast dropping temperature profile due to the violent
expansion. It is true that the current approach is devel-
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2oped by matching to theoretical calculations in the deep
LPM region assuming many coherent collisions, but for
a thin medium, the role of the interference pattern be-
tween only a few coherent collisions becomes important.
In principle, one should resort to other techniques such as
the opacity expansion [34, 35] for computation in a thin
medium. Nevertheless, we do find the current method
qualitatively reproduces the theoretical calculations of
path-length dependence [36] and the medium expansion
rate dependence [37] of the parton bremsstrahlung.
Finally, we find it instructive to compare the current
method to two other Monte Carlo implementations of the
medium-induced radiation processes that have been used
in previous studies. We find that subtle differences in the
construction of these models can lead to an incorrect im-
plementation of the LPM effect or introduce correlations
between sequential bremsstrahlung partons that are be-
yond the leading-order theory used for the model. We
draw attention to the phenomenological consequences of
these differences, especially, how these differences affect
the interpretation of the extracted physical parameters
such as the in-medium coupling and transport coefficient
qˆ.
This paper is organized as follows. Section II in-
troduces the ingredients of the semi-classical transport
model that is to be modified. In section III, we propose
the modifications to the aforementioned model in Section
II to include the LPM effect. In section IV and appendix
B, we provide detailed comparisons between the simu-
lation and the NLL solution in the deep-LPM regime.
Effects of a finite and expanding medium are investi-
gated in section V. In section VI, we compare this work
to two previously used Monte-Carlo implementations of
the LPM effect in transport models. Finally, section VII
summarizes and discusses the future applications of the
model.
II. SEMI-CLASSICAL TRANSPORT
APPROACH WITH INCOHERENT RATES
In this section, we construct a transport model assum-
ing independent collisions. This type of model sets the
basis for our subsequent discussion regarding the inclu-
sion of the LPM effect.
Focusing on hard partons, collisions are categorized
into elastic (hard particle number conserving) and in-
elastic processes (hard particle number non-conserving).
The inelastic processes are further divided into parton-
splitting and parton-fusion contributions. The Boltz-
mann equation relates the evolution of the hard parton
distribution function fH to these collision processes,
dfH
dt
= Cel[fH ] + Cinel[fH ]. (1)
As a remark, we have omitted denoting the dependence
of the collision term on the light parton distribution
functions, because we assume them to be thermal equi-
librium distribution functions with Boltzmann statistics
f0(p) = e
−p·u/T . T and u are the medium temperature
and four-velocity that can be obtained from a medium
evolution model. We also neglect the collisions between
two or more hard partons and the back reaction from
hard parton scattering to the medium due to their small
population in actual high energy nuclear collisions. As a
result, the above Boltzmann equation is linearized with
respect to fH .
A linearized Boltzmann equation can be solved using
a collision rate approach. First, hard partons are rep-
resented by δ-functions in the phase space fH(t,x,p) ≈∑
δ(3)(p − p(t))δ(3)(x − x(t)). Each particle travels in
a straight line and occasionally its momentum changes
drastically due to collisions. This way, one obtains a
stochastic solution of the time evolution of fH . The col-
lision probability per unit time (i.e., the collision rate)
is
R =
gi
2E1
∫
d3p2
2E2(2pi)3
f0(p2)2sˆ
∑
i
∫ 0
−sˆ
dσi
dtˆ
dtˆ. (2)
For simplicity, we have only shown the case that the hard
parton with momentum p1 collides with one medium par-
ton with momentum p2. sˆ, tˆ are the Mandelstam vari-
ables of the two-body collisions. dσi/dtˆ is the differential
cross-sections of channel i, including both elastic and in-
elastic contributions.
The in-medium cross-sections dσi are dominated by
tˆ channel processes which diverge like 1/tˆ2 in the vac-
uum. In a medium, screening effects regulate the cross-
section and leave the physical quantities finite; however,
the cross-section becomes complicated and its form de-
pends on the choice of the reference frame. Here, we
borrow an elegant solution from [38] to separate the in-
medium collisions based on the momentum transfer-q be-
tween the hard parton and the medium. The large-q
transfer (hard) scattering rate uses cross-sections com-
puted in the vacuum since the medium modification to
these hard modes is small. The associated rates are ob-
tained from equation 2 while restricting q to be larger
than a switching scale Qcut. The small-q transfer pro-
cesses are frequent and soft, which allows for a diffusion
approximation of its effect on the trajectory of the hard
parton,
x(t+ ∆t) =
p
E
∆t (3)
p(t+ ∆t) = p− ηD,Sp∆t+ ξ(t)∆t (4)
The effects of the soft-interaction are absorbed into the
drag coefficients ηD,S and the covariance of the thermal
random force ξ,
〈ξi(t)ξj(0)〉 = δ(t)
(
pipj
p2
qˆL,S +
(
δij − pipj
p2
)
qˆS
2
)
.(5)
qˆS and qˆL,S are the soft transverse and longitudinal mo-
mentum broadening coefficients, and the subscript “S”
reminds us that these numbers should only contain soft
3contributions with q < Qcut. The switching scale Qcut is
chosen to be greater than the Debye screening mass mD,
m2D =
4piαs
3
(
Nc +
Nf
2
)
T 2. (6)
One of the many advantages of this separation is the
avoidance of complicated in-medium propagators, while
still achieving a leading order accuracy with a reason-
able choice of Qcut at weak coupling as shown in [38].
Moreover, the Lorentz-invariance of the vacuum matrix-
elements used in large-q processes simplifies the computa-
tion in different reference frames. The frame-dependence
only appears in the diffusion equation, which is easiest
solved in the medium rest frame.
a. Elastic processes The two-body matrix-elements
in the vacuum that enter the large-q collision rates can be
found in the standard literature [39]. In the small-q dif-
fusion sector, the transverse and longitudinal momentum
diffusion coefficients qˆS , qˆS,L in a weakly coupled theory
have been calculated in [38] at leading order,
qˆS =
∫ Q2cut
0
dq2
αsm
2
DT
q2(q2 +m2D)
, (7)
qˆL,S =
∫ Q2cut
0
dq2
αsm
2
∞T
q2(q2 +m2∞)
. (8)
m∞ is the asymptotic gluon thermal mass m2∞ = m
2
D/2.
Finally, the drag coefficient is determined by the Einstein
relation between the transport coefficients,
ηD,S =
qˆL,S
2ET
− dqˆL,S
dp2
− qˆL,S − qˆS/2
p2
. (9)
b. Inelastic processes The inelastic collision term is
also separated into a large-q 2 ↔ 3 body inelastic colli-
sion rate plus an effective 1 ↔ 2 body diffusion-induced
parton splitting / fusion rate. The matrix-elements
of 2 ↔ 3 body collisions are derived under the limit
k2,q2  x(1 − x)√sˆ. Here, x is the light-cone energy
fraction of the initial state hard parton carried by one
of the final state hard parton, q is the transverse com-
ponent of q in the center-of-mass frame of the collision,
and k is the transverse momentum between the two split
hard partons in the final state. A list of these matrix-
elements can be found in appendix A. Again, the rates
are obtained from equation 2 imposing q > Qcut.
The diffusion-induced splitting rate uses the restriction
q < Qcut in equation 2, and uses the limit q  k of the
2→ 3 matrix-elements listed in appendix A,
R1→2 =
gi
2E1
∫
d3p2f0(p2)
2E2(2pi)3
2sˆ
∫ Q2cut
0
q2
dσel
q2
dq2
×
∫
dk2dx
αsP (x)
2pi(k2 +m2∞)2
(10)
where m∞ is added to screen the divergence and P (x)
is the vacuum splitting function listed in appendix A.
Now, one may notice that the first line in equation 10,
upon summing over all channels, simply computes the
variance of transverse momentum received by the hard
parton per unit time from soft interactions below the
momentum cut-off Qcut. So we rewrite R1→2 using the
soft transport coefficients qˆS as
R1→2 = qˆS
∫
dk2dx
αsP (x)
2pi(k2 +m2∞)2
, (11)
which is our final expression for the diffusion induced
inelastic collision rate for the incoherent transport equa-
tion. Finally, the collision rates of the reverse processes
3 → 2 and 2 → 1 processes can be written down by the
requirement of detailed balance.
c. The transport equation in the incoherent limit
Combining all these processes, we summarize the semi-
classical transport equation with independent collisions
into
df
dt
= D[f ] + C1↔2[f ] + C2↔2[f ] + C2↔3[f ]. (12)
The distribution function of the hard parton evolves un-
der the effect of diffusion D, large-q elastic collision C2↔2,
diffusion induced parton splitting / merging C1↔2, and
large-q inelastic collisions C2↔3.
III. MODELING LPM EFFECT BY A
MODIFIED TRANSPORT SIMULATION
The incoherent transport equation requires: first, the
transition time scale of a process is small compared to
the mean-free-path, so that multiple-collision contribu-
tion to the transition rate is negligible; and second, the
transition time scale is small compared to the inverse-
gradient of the system, so that the collision terms in
equation 12 depend only on distribution functions at a
localized space-time region. Such a semi-classical picture
does work for elastic collisions at weak coupling g  1.
This is because a medium scattering center is statisti-
cally independent from others with distances greater than
1/mD ∼ 1/gT and the mean-free-path λ ∼ 1/g2T is
larger than 1/mD. For an inelastic collision, consider the
splitting of a hard parton “a” with energy E to two hard
partons “b” and “c”, with “b” carrying an x fraction of
the original parton’s energy. From uncertainty principle,
the formation time τf of the hard final state is obtained
as the inverse of the light-cone energy difference δE be-
tween the initial and final states,
τ−1f ∼ δE =
k2
2x(1− x)E . (13)
k is the transverse momentum of “b” relative to the
direction-of-motion of “a”. For hard and collinear split-
tings, this formation time can be very large compared
to λ and multiple-collision effect becomes important and
needs to be resummed into the transition rate.
In an infinite and static medium, when the number
of multiple collisions N is large (the deep-LPM region),
4theoretical calculation indicates a qualitative change to
the parton radiation pattern comparing to the results
obtained in the independent collision picture [28]. First,
transverse momentum of the splitting is broadened from
multiple collisions; second, the transition rate is reduced
from producing O(αs) radiation every collision to pro-
ducing O(αs) radiation every formation time,
dR
dω
∝ αs
ωλ
→ αs
ωτf
. (14)
The average inverse formation time can be estimated us-
ing equation 13 and the condition
〈
k2
〉 ≈ qˆτf , because
the transport coefficient qˆ = d
〈
k2
〉
/dt quantifies the mo-
mentum broadening per unit time. These two conditions
lead to,
〈τ−1f 〉 ∼
√
qˆ
2x(1− x)E . (15)
At weak coupling qˆ ∝ g4T 3 and τf/λ ∼
√
2x(1− x)E/T .
The radiative pattern with moderately small x in an in-
finite medium is changed to,
dR
dω
∝ αsT
1/2
ω3/2λ
(16)
Therefore, a fundamental modification to the semi-
classical equation is necessary once the final-state partons
become hard xE, (1− x)E > T .
A. The modification to the semi-classical evolution
We start by investigating the leading-order calculation
of medium-induced parton splitting in a “brick” medium
of constant temperature to identify the modification we
need. Here, we quote the reorganized leading-order for-
mula for the probability of a single medium-induced split-
ting in a brick medium from [7, 36],
dP abc
dω
=
∫ ∞
0
dt
g2
piE
P
a(0)
bc (x)
∫ ∞
t
dt′F (t′, t), (17)
F (t′, t) = Re
∫
q′,q
iq′ · q
δE
C(t′) ◦K(t′,q′; t,q). (18)
P
a(0)
bc is the vacuum splitting function and δE is the light-
cone energy difference between initial and final states.
The C(t′) operator is a Boltzmann-type collision operator
in the momentum space such that,
C ◦ fp =
∫
q
g2A(q2)
{
Cb + Cc − Ca
2
(fp − fp−q) (19)
+
Ca + Cc − Cb
2
(fp − fp+xq)
+
Ca + Cb − Cc
2
(
fp − fp+(1−x)q
)}
,
where ω is energy of daugther parton “b”. Ci is the color
factor of each parton and
∫
q
represents an integration
over transverse momentum
∫
dq2/(2pi)2. The collision
kernel is given by [40],
A(q2) = m
2
DT
q2 (m2D + q
2)
. (20)
Finally, K(t′,q′; t,q) is the propagator of the transverse
Hamiltonian Hˆ = δE − iC in the momentum represen-
tation. This rather compact result is actually hard to
implement in a Boltzmann formulation, because of the
double-time integral that comes from the nature of a
quantum transition. Moreover, the splitting probability
generally dependents on the temperature and flow veloc-
ity profiles of the medium, making it a computationally
heavy task when coupled to dynamical evolving and fluc-
tuating medium.
Our approximation towards a modified Boltzmann
transport formulation starts by replacing the effect of
the temporal two-point function F (t′, t) with a simple
ansatz,
F (t′, t)→ 1
N
N∑
i=1
b
τi(t)
δ(t− t′ − aτi(t)). (21)
Here the function F (t′, t) is approximated by an ensem-
ble of N independent copies of the system a → b + c.
These copies are generated according to the incoherent
1 → 2 and 2 → 3 rates as hard parton a propagates.
Each copy “i” evolves with the influence of the elastic
broadening. Its formation time τi(t) at time t during the
evolution can be computed by equation 13. The delta
function imposes that the branching that starts at time
t′ is thought to be formed at time t+aτf . The additional
factor b/τf accounts for that the branching probability is
suppressed compared to the incoherent case. This ansatz
of representing the function F (t′, t) with information at t
and t′ of an ensemble of particles follows the same spirit
of representing the distribution function by an ensemble
of particle states. Of course, this is only a crude ansatz
for F (t′, t), as the latter is actually highly oscillating, and
the validity has to be examined by comparing its predic-
tion with the theoretical calculations. Finally, a and b are
dimensionless factors whose forms shall be determined in
later comparison with theory and will be tuned to achieve
an optimal level of agreement to theoretical calculations.
With such an ansatz, the medium-induced splitting
probability reduces to,
dP abc
dω
=
∫ ∞
0
dt
g2P
a(0)
bc
piEλ˜(t)
1
N
N∑
i=1
∫ ∞
t
dt′
bλ˜(t)
τi(t)
δ(t− t′ − aτi(t))
=
1
N
N∑
i=1
∫ ∞
0
dt
dRincoh(t)
dω
× abλ˜(t)
τf (t′, t)
∣∣∣∣∣
t′=t+aτf
(22)
where we have divided and multiplied back an effective
mean-free-path λ˜(t) = m2D/qˆg so that we may interpret
the quantity immediately after the dt integral as the in-
coherent splitting rate Rincoh. The reason for using an
effective λ˜ is that it can be defined for both scattering
5and diffusion processes, provided only the screening mass
and the transverse momentum diffusion coefficient. From
equation 22, it is clear how we can modify the standard
Boltzmann transport to include the LPM effect in the
deep-LPM region approximately. During the simulation
of the incoherent transport (equation 12) of each hard
parton, we implement the following modification the par-
ton bremsstrahlung and pair production processes. Sup-
pose a parton splitting process “a → b + c” happens at
t = t′,
1. Final state partons b and c are not immediately
treated as physical objects (“preformed”) to the
system. A parton a can carry arbitrary numbers
of such “preformed” final-state copies.
2. Evolve from t to t+ ∆t the “preformed” final state
partons in each copy with only elastic processes.
While the mother parton a is evolved under the
full collision term in equation 12.
3. Recalculate formation time τf after each time step.
The elastic broadening from multiple collisions in
step 2, on average, shortens the formation time.
4. Repeat steps 1 to 3 until t− t′ > aτf (t) is satisfied.
5. Then, the “performed” final state is considered to
become the physical final state with probability p,
p = min
{
1,
abλ˜(t)
τf
}
(23)
.
In the last step, daughter partons from accepted final
state will be treated as independent objects thereafter
and be propagated by the full transport equation. Re-
jected final states are dropped and do not cause any phys-
ical effect. A key step is a self-consistent determination
of the formation time as described in step 4. In a static
medium, it results in the expected scaling of the average
inverse formation time in equation 15. This procedure
also generalizes to medium with evolving temperature
and flow velocity profiles, as the elastic broadening is
performed along the trajectory of the hard parton. This
iterative procedure was first developed and implemented
by [21].
In the following subsection, we shall compare such
modification to the leading-log (LL) and the next-to-
leading-log (NLL) approximation of splitting rates in an
infinite medium. We will show that this modification
indeed reproduces the qualitative features given by the
lead-log results once a is related to the color factors, while
the NLL results help to determine the form of b to achieve
a quantitative agreement with the theory.
B. Matching the modified transport equation to
theoretical calculations in an infinite medium
Going to an infinitely large medium with an uniform
temperature, equation 17 can be cast into its asympototic
form known as the AMY formalisim [10, 41, 42],
dRabc
dω
=
αsdaP
a(0)
bc (x)
Eνa
∫
d2k
(2pi)2
2k ·ReF
4x2(1− x)2 (24)
where we have dropped the Bose enhancement and the
Pauli blocking factors from the original formula. The
vector-valued function F(k;E, x) satisfies the following
static equation,
2k = i
k2F(k)
2x(1− x)E + g
2C[F] (25)
The exact solution can be solved numerically and has
already been applied to transport study [13, 17], but
we shall use approximated semi-analytic solutions ob-
tained in [43]. These approximated solutions were ob-
tained at the leading-log (LL) and next-to-leading-log
(NLL)accuracy, and the NLL solution was shown to be a
good approximation of the numerical results in the deep
LPM regime ω  T .
At leading-log order, a small-q expansion was per-
formed to obtain a diffusion approximation to the op-
erator C below a certain cut-off q < Q0. The resulting
leading-log solution is [43],
dRa,LLbc
dω
=
αsP
a(0)
bc
piE
√
2
√
qˆ3(x,Q20)
2x(1− x)E (26)
Where the qˆ3 is defined as an effective transport param-
eter,
qˆ3(x,Q
2
0) = Cabc(x)
∫
q2<Q20
g2A(q2)q2 dq
2
(2pi)2
(27)
= Cabc(x)αsTm
2
D ln
(
1 +
Q20
m2D
)
. (28)
Note that qˆ3 is logarithmically dependent on the cut-off
Q0. It comes from integrating the perturbative tail of
the collision kernel in equation 20. Cabc(x) is a process-
and x-dependent color factor,
Cabc(x) =
Cb + Cc − Ca
2
+ x2
Ca + Cc − Cb
2
(29)
+ (1− x)2Ca + Cb − Cc
2
.
Comparing the leading-log formula to the modi-
fied Boltzmann approach in equation 22, the term√
qˆ3/2x(1− x)E in equation 26 plays the role of the in-
verse formation time. We can also insert 1/λ˜ × λ˜ into
equation 26 so that it resembles the modified rate in equa-
tion 22. However, the effective qˆ3 differs from the qˆ of a
single particle, e.g. particle “b” on which we performed
6the elastic broadening, by an x and color-dependent fac-
tor Cabc. This can be improved by using a process- and
x-dependent a parameter in equation 21,
a→ aabc(x) = Cb
Cabc(x)
(30)
Another issue is that the LL solution in equation 26
is still ambiguous up to an unknown cut-off Q0 through
qˆ3(x,Q
2
0). This Q0 ambiguity can be improved by going
to the NLL order, where the contribution of the collision
kernel with q > Q0 is treated as a perturbation to the
LL solution. This “hard” correction to the “multiple-
soft” approximation is also recently studied in [44] in
the BDMPS framework. In both works, the NLL result
is expressed as the LL solution with the unknown Q0
replaced by Q1,
Q21 ≈
√
ωqˆ ≈
√
ωαsCRm2DT ln
Q20
m2D
(31)
or one can uses a self-consistent determination of Q1 as in
[43] to eliminated the dependence of Q0 from the formula,
Q21 =
√
2x(1− x)EαsTm2D (32)
×
(
Cb + Cc − Ca
2
ln
2ξQ21
m2D
+
Ca + Cc − Cb
2
x2 ln
2ξQ21
x2m2D
+
Ca + Cb − Cc
2
(1− x)2 ln 2ξQ
2
1
(1− x)2m2D
)1/2
Therefore, the reasonable choice of the scale in qˆ3 is of
similar order as the transverse momentum of the branch-
ing k2 ≈ √2x(1− x)Eqˆ. Now, check what this scale is
in the original transport approach: the large-Q two-body
matrix-element in equation 2 is always integrated up to
the maximum transfer bounded by the center-of-mass en-
ergy
√
sˆ of each independent collision. Ignore the slow
sˆ-dependence of the elastic cross-section at high-energy
and average over the medium parton momentum p2 in
sˆ = (p + p2)
2 over the thermal distribution, then the
average Q20 in the transport simulation is 〈sˆ〉 = 6ET .
Therefore, we must correct for this difference in scale;
otherwise, the ansatz with a na¨ıve choice of an upper
limit of the matrix-element integration leads to system-
atic deviation from the NLL solution in a logarithmic
manner. Noticing that the inverse formation time is pro-
portional to
√
ln(1 + Qˆ2/m2D), a simple correction can
be made using a scale-dependent b parameter in the ac-
ceptance probability of the modified transport equation
in equation 23,
b = 0.75
√
ln(Qˆ21)
ln(Qˆ20)
, (33)
with the NLL-improved scale Qˆ21 and the native choice
of scale in the transport equation Qˆ20 given by,
Qˆ21 = 1 +
k2
m2D
≈ 1 + τf,i
λ˜
, (34)
Qˆ20 = 1 +
6ET
m2D
. (35)
The prefactor 0.75 in equation 33 is the only numerical
constant that we have tuned when we compared the mod-
ified Boltzmann simulation to the NLL solutions in the
next section, and it is the same throughout the rest of the
paper. As a remark, this logarithmic correction comes
from the integration of the perturbative collision kernel
at large-q2. Therefore, if one assumes and implements
certain collision kernel that vanishes sufficiently fast at
large-q, this logarithm factor in b should be dropped.
C. Agreement in the Bethe-Heitler region at
large-q
In the previous subsection, we have shown how the
modified Boltzmann transport approach can be matched
to the NLL solution in the deep-LPM region where
τf  λel. In this subsection, we demonstrate that the
transport equation agrees with the theoretical calcula-
tion in another region of phase-space This is the large-q
(q > Qcut) region in the Bethe-Heitler regime τf  λel.
The acceptance probability 23 goes back to unity for this
region, and the transport equation is simply the origi-
nal Boltzmann equation with incoherent rates. Here, we
briefly show that the incoherent 2→ 3 rates used in the
equation 12 is the same as the rate dR/dω obtained as
the leading term in the 1/τf expansion of the AMY for-
malism in equations and .
When the formation time is very short, one treats
1/τf = k
2/2x(1−x)E in equation III C as a large number
and solve for the real-part of F by one iteration,∫
d2k
(2pi)2
2k ·ReF
4x2(1− x)2E2 = 2g
2φk · C[φk], (36)
where φk = k/k
2. Taking q → q + g as an example,
the total 2 → 3 rate in the Boltzmann equation is (use
sˆ ≈ 6ET ),
dRqqg
dω
∝
∑
i
∫
q2>Q2cut
fi(p2)dp
3
2
(2pi)32p2
g4T
q4
dq2dk2 (37){
CF (φk−q − φk−xq)2 + CF (φk−q − φk)2
−(2CF − CA) (φk−q − φk−xq) · (φk−q − φk)}
where we have used the cross-section from appendix A
and the splitting function is not shown explicitly. This
transverse momentum integration looks different from
the one in equation 36. Summing over the species, col-
ors, and degeneracy of the particle “i”, the integration of
7the momentum p2 yields the Debye mass with classical
statistics,
g4T
q4
∑
i
∫
fi(p2)dp
3
2
(2pi)32p2
=
2g2m2D
q4
. (38)
Expanding each squares and changing the integration
variable from k to one of k − q, k − xq, k − (1 − x)q for
each term, one can show that the integration can be cast
into,
dRqqg
dω
∝
∫
q2>Q2cut
2g2m2D
q4
dq2dk2 (39){
CAφk · (φk − φk+q) + CAφk ·
(
φk − φk+(1−x)q
)
+(2CF − CA)φk · (φk − φk+xq)}
=
∫
dk2φk · C[φk] (40)
which agrees with the large-q2 limit of of the AMY solu-
tion in equation 36 when q2  m2D.
D. Implement running of αs
At the end of this section, we introduce the prescrip-
tion for a running coupling constant in the modified
Boltzmann approach. We used the leading order running
coupling constant with nf = 3 and Λ = 0.2 GeV,
αs(Q
2) =
4pi
9 ln (Q2/Λ2)
(41)
To avoid the pole when Q approaches the non-
perturbative scale, we introduce a cut-off at a medium
scale Qmed = piT . Therefore the actual coupling con-
stant is αs(max{Q,Qmed}). Following the prescription
described in [43], the coupling constant associated to the
collision kernel C are evaluated at q2 and the resulting qˆ
can be integrated approximately to get the running ver-
sion of the Eq. 28,
qˆrunning3 ≈
4pi
9
(
g2(m2D)− g2(Q20)
)
1.27T 3Cabc(x)(42)
Where the scale Q0 is of order mD[E/T ln(E/T )]
1/4.
And the scale of the αs associated to the splitting vertex
in equation 26 is chosen at the typical transverse momen-
tum k2 ∼√2x(1− x)Eqˆ3.
In the modified Boltzmann approach, such a running
coupling prescription is straightforward for the elastic
part. The transport coefficients qˆS and qˆS,L in Eq. 7
and equation 8 for the diffusion sector should be inte-
grated with αs(q
2). The αs associated to the 2 → 2
scattering matrix-elements (including the ones that ap-
pear in the 2→ 3 matrix-elements) are evaluated at the
t-channel momentum transfer squared. The scale k2 for
the splitting vertex coupling requires an additional treat-
ment, because k comes from the summation over multiple
scatterings within the formation time,
k2t0+τf = (kt0 + q1 + · · ·+ qn)2 . (43)
FIG. 1. The q → q + g splitting rate in an infinite medium
from a quark with E = 1 TeV,and a coupling constant αs =
0.1. The top plot shows the simulated spectrum dR/dω (red-
dashed line) and power law fit (green-dotted and blue-dash-
dotted lines) in different gluon energy regions, separated by
energy scales ωBH ≈ 2piT . The middle plot compares to the
simulation to NLL solution to the AMY equation, and the
ratio is shown in the bottom plot
However, the initial splitting processes are generated us-
ing incoherent processes with the coupling evaluated at
k2(t0). This is on average
√
ω/T times smaller than
k2(t0 + τf ) in the deep LPM region. Therefore the ef-
fective coupling after multiple scattering is smaller than
the one we used in incoherent calculation and allows for
a rejection implementation by modifying the acceptance
probability p in equation 23 to
prunning = p× αs(k
2
t0+τf
)
αs(k2t0)
. (44)
This final step completes the inclusion of running cou-
pling effect in the modified Boltzmann approach.
IV. RESULTS
In this section, we compare the rate of in-medium
bremsstrahlung and pair production from the simulation
of the modified Boltzmann approach to the NLL approx-
imation of the AMY equation in an infinite medium.
The differential rate dR/dω is shown in Figure 1 for a 1
TeV quark splitting into a gluon and a quark. The tem-
perature of the medium is T = 0.5 GeV and we choose a
relatively small coupling constant αs = 0.1. Please also
refer to appendix B for a full comparison varying both the
8FIG. 2. The splitting rate of q → q + g∗, g → g + g∗, and
g → q∗ + q¯ as a function of the parton energy labeled by the
star. The mother parton with E = 1 TeV evolves inside an
infinite medium with T = 0.5 GeV. The simulations (thick
dashed lines) are compared to the NLL solutions (thin solid
lines).
FIG. 3. Top plot: comparison of modified Boltzmann simu-
lation with the NLL solution with running coupling. Three
initial guesses of the The ratio between simulation and theory
is shown in the bottom plot.
parton energy and the coupling constant. The horizontal
axis is the radiated gluon energy. In the upper plot, we
divided the spectrum into different regions by the gluon
thermal mass m∞ and an estimated Bethe-Heitler energy
λgm
2
D ∼ 2piT . The spectrum at ω < mg is suppressed
due to the gluon thermal mass. In the Bethe-Heitler re-
gion ω < 2piT , the spectrum scales like ω−1 as given by
the incoherent radiation rate. In the deep LPM region
T  ω < E, the spectrum is dominated by coherent mul-
tiple scatterings and scales like ω−3/2. The power-law fits
in each domain are very close to the expected scaling. In
the middle plot, we compare the simulation to the NLL
solution with self-consistent Q21 from equation 33. The
ratio between the two is shown in the bottom plot. There
is a good agreement in the LPM region between the sim-
ulation and the theory calculation, which we have used
as guidance in developing our Monte-Carlo approach.
A comparison of the other channels g → g + g and
g → q+ q¯ to the theory calculations are shown in Figure
2. For the splitting parton energy much greater than
temperature ω > 10T , the simulation agrees well with
the NLL solution. Again, please also refer to appendix
B for comparison varying both E and αs for these two
channels.
Finally, we compare the running coupling calculation
with the theory curve in Fig. 3 for the g → g+g channel.
The theory curves (black lines) are obtained combining
equation 26 and equation 42. Different line styles corre-
spond to the variation of the Q0 value around an initial
guess mD(E/T ln(E/T ))
1/4 by a factor of 2 above and
below. For this 1 TeV parton, the scale Q0 is actually
very large and the running of αs is rather slow, which ex-
plains the theory curve is not very sensitive to a factor of
4 change in Q0. The simulation was performed using the
running coupling prescription described in Section III D.
The overall shape of the spectrum in the deep LPM re-
gion is again well described by the modified Boltzmann
simulation.
V. TOWARDS PHENOMENOLOGICAL
APPLICATIONS
In the previous section, we showed that the modified
Boltzmann equation simulation has a good agreement
with the theoretical calculation for parton splitting in
the LPM regime in an infinite medium. Towards future
phenomenological application, we would like to investi-
gate a few more complex scenarios involving a finite and
expanding medium.
A. A finite medium
For calculation in a finite medium, there is an intri-
cate interference pattern near the boundary which re-
quires solving the original equation using a finite medium
temperature profile. Or for the case of a thin medium,
9FIG. 4. Comparison of the path-length dependent rate dR/dω
from the simulation using αs = 0.3 to the theoretical calcu-
lation for splitting q → q + g [36]. The quark energy is 16
GeV.
such effect can be analyzed order by order in the “opac-
ity (L/λ) expansion” [34, 35]. One important effect in
a finite medium is the path-length dependent radiation
rate for L . τf . Considering the formation time of very
energetic splitting can be comparable to the size of the
QGP fireball, the finite size effect is important for heavy-
ion collision phenomenology, Though the modified Boltz-
mann approach has been constructed to mimic the case
in an infinite medium, it does predict an L-dependent
results in a finite medium and we would like to check
whether it is significantly different from the theory expec-
tation. The origination of the path-length dependence in
the modified Boltzmann approach is that the gluons sam-
pled at t = t0 are not considered as independent objects
until t = t0 + τf , meaning the splitting at time t is ini-
tiated by an inelastic vertex at t− τf . In a semi-infinite
medium with a step function like temperature profile,
T =
{
0, z < 0
T0, z > 0
(45)
there are no scattering centers at L− τf < 0 and thus in-
troduces a reduction in the radiation rate for small path-
length.
In Figure 4, the q → q + g rate simulated in a semi-
infinite medium is compared to the full calculations ob-
tained in [36]. The energy of the quark is 16 GeV, and
αs = 0.3. The medium temperature of the left and the
right columns are 0.2 GeV and 0.4 GeV respectively. Top
and bottom rows show the differential rates for the emit-
FIG. 5. The ratios of induced splitting rate in expanding
medium to that of a stat medium, with expansion parameter
ν = 3/4, 1, and 3/2. The analytic results are shown in solid
lines and simulations denoted as symbols. The conpling con-
stant αs = 0.3, the expansion starts at τ0 = 0.2 fm/c with an
initial temperature T0 = 1 GeV.
ted gluon energy ω = 3 GeV and ω = 8 GeV 1. dR/dω is
plotted as a function of the path length L. It is evident
that theoretical rates (black solid lines) first grow approx-
imately linearly with L and then bend over to transit to
L-independent ones. The simulation describes the large
L limit well and also approximately captures the point at
which the transition happens. But there are systematic
deviations compared to the theory at small path-length.
Therefore it will be of great interest to improve to the
current simulation approach at small path-length in the
future. For example, one possible solution would be using
the results from the opacity expansion in the simulation
for those splittings that happened close to the boundary
and developing matching conditions to the approach we
used for the deep LPM regime.
B. An expanding medium
At the beginning of section III, we have mentioned
that the semi-classical transport equation has to be im-
proved when the formation time is comparable to the
inverse-gradient of the system. This is indeed an issue for
describing hard parton propagation in realistic medium
created in heavy-ion collisions. Here, we test the mod-
ified transport approach in a simple case that only the
temporal change of the medium temperature is consid-
ered. It introduces the inverse medium expansion rate as
another time scale τex. If τex . τf , the multiple-collision
effect comes from collision centers along the hard parton
trajectory in the time-dependent medium, as is done in
the modified transport approach. In this work, we shall
1 In a practical simulation, the rates are obtained by counting
gluons within a finite energy range ω ± 0.5 GeV
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define τex as
τex =
(
d ln(T 3)
dτ
)−1
, (46)
understood as the time over which the local qˆ ∝ T 3
changes notably. For simplicity, parametrize the tem-
perature profile as a power law function of the proper
time,
T (τ ; ν)3 = T 30
(τ0
τ
)2−1/ν
, (47)
which mimic the fast-dropping medium temperature at
mid-rapidity. The static case is recovered when ν = 1/2
and ν = 1 corresponds to the temperature profile of a
Bjorken flow [45]. The resultant τex is
τex =
τ
2− 1/ν . (48)
To compare the response of the modified Boltzmann
approach to an expanding medium to theoretical calcu-
lations, we use the results obtained in the BDMPS frame-
work [37] using the power-law type temperature profile
in equation 47. The splitting probability is,
dP
dω
=
αs
2piE
Pq→qg(x)Re
∫ τ0+L
τ0
dtf
tf
∫ tf
τ0
dti
ti
1
ν2
(49)
[Iν−1(zi)Kν−1(zf )− Iν−1(zf )Kν−1(zi)]−2
∣∣∣ω=∞
ω
,
zi,f = 2iν
√
qˆg(1− x+ CF /CAx2)
2(1− x)ω τ0
(
ti,f
τ0
)1/2ν
(50)
for the q → q + g splitting. For ν = 1/2, this expression
reduces to the static BDMPS result [28]. As a remark,
the BDMPS calculation considers the multiple-soft limit
of the collision kernel and therefore does not include the
logarithm that comes from the perturbative tail 1/q4.
Accordingly, we turn off the large-Q matrix-element scat-
terings and only retain diffusion plus diffusion-induced
radiation components in our simulation. Also, b = 0.75
is used without the logarithmic correction factor in equa-
tion 33, and the same qˆg = m
2
DCAαsT are input to the
theory and the simulation. To suppress other difference
in the simulation and the theory, instead of making a di-
rect comparison of the spectrum dP/dω to the BDMPS
result, we compare the ratio of the splitting probability
in an expanding medium to that of a static medium
dP (T = T (τ ; ν))/dω
dP (T = T0)/dω
(51)
between simulation and theory to focus on the response
to an expanding medium compared to the static case.
The medium expansion starts at τ0 = 0.2 fm/c with
T0 = 1 GeV and stops at τ = 20 fm/c. We take
four choices of the expansion rate ν = 1/2, 3/4, 1, 3/2,
corresponding to a static medium, a slowly expanding
medium, Bjorken flow, and a faster-than-Bjorken expan-
sion respectively. The ratio Rν from both theory and
simulation are shown in Fig. 5 for a 100 GeV quark with
αs = 0.3. Again, for ω/T  1, the simulation displays
the expected decreasing of medium-induced radiation due
to the dropping of temperature. In the future, we are
looking forward to making a direct comparison to the so-
lution of equation 17 with both varying temperature and
adding medium flow effects.
VI. COMPARISON WITH TWO OTHER
MONTE-CARLO METHODS FOR
MEDIUM-INDUCED SPLITTINGS
Before we conclude this work, it is beneficial to com-
pare the current implementation of the medium-induced
splittings with two other Monte-Carlo approaches. We
will also summarize the features and caveats of these two
methods for readers reference on this subject. Also, be-
cause the other two methods predict very different radi-
ation spectrum, it is not so instructive to compare their
spectrum directly. Instead, we compare among these ap-
proaches the “energy loss” of a testing quark from gluon
radiation,
dE
dL
=
∫ E
mD
ωg
dRqqg
dωg
dωg. (52)
As a remark, this definition is not related to the actu-
ally parton / jet energy loss in a medium, but only as a
simply way to quantify the difference between different
methods. We shall see that due to different implemen-
tations of the medium-induced radiation, the amount of
“energy loss” is very different between these approaches
with the same αs. As a result, an extraction of inter-
esting medium properties from experimental data using
these models can be biased by the way they treat radia-
tive processes. Therefore, being able to calibrate a model
to theoretical calculations as demonstrated in this work is
an essential step prior to the comparison to experimental
data.
A. The approached used in the improved Langevin
equation
This approach is implemented in the improved
Langevin equation [29], using a higher-twist calculation
of medium-induced single-gluon emission rate and a pre-
scription for multiple emission in a time-evolution man-
ner. The higher-twist formula is developed in [46, 47] and
the single-gluon radiation rate is,
dNg
dxdk2dt
=
αsP (x)qˆg
pik4
2
(
1− cos t− t0
τf
)
(53)
The rate is time-dependent, coming from the interference
between the production of the hard parton at time t0 and
one interaction with the medium at time t. From the
second emission, a multiple-radiation is implemented by
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setting the time t0 to be the time of the previous emission
so that the probability of the next emission starts to ac-
cumulate from zero again as time increases [29]. Though
it is not immediately clear what this prescription predicts
without a simulation, it is possible to get a qualitative
understanding by realizing that the typical time separa-
tion between two emissions of this model is a time scale
∆t = t − t0 within which the emission probability is of
order one,
1 ∼
∫ t
t0
dt
∫ 1
xc
dx
∫
dk2
dNg(t− t0)
dxdk2dt
. (54)
In the soft limit where P (x) ∼ 2/x, τf ∼ 2xE/k2, and
perform the time integral first, then the k integral with
limits from 0 to xE. The x (with a change of variable to
u = xE∆t/2) integral here divergent at 0. Though this
is not a problem for calculating energy loss if one also in-
cluded the absorption processes are required by detailed
balance. But to apply the collision rate formalism, one
has to render the integral finite with a minimum cut-off
xc,
1 ∼ 4αsqˆ∆t
∫ 1
xc
dx
x
∫
dk2
k4
(
1− sin(∆t/τf )
∆t/τf
)
(55)
=
αsqˆg∆t
3
3u3
(
u3Ci(u)− 3u2Si(u)− u2 sin(u) (56)
+3u− sin(u)− 2u cos(u)) |∆tE2∆tExc
2
The result can be expanded at small u: 13 ln(u) − 0.752
and it quickly decays to 0 at infinity, so a good proxy is
to use the small-u expansion but cut-off the upper bound
at its zero,
1 ∼ αsqˆ∆t
3
3
ln
2
xcE∆t
∝ (g2T∆t)3 ln 2
xcE∆t
. (57)
One sees that typical time between two emissions in
this approach is on the order of 1/g2T , which is the
same as λ. Putting typical ∆t ∼ λ back to the factor
2(1− cos(∆t/τf )), the radiation spectrum is indeed sup-
pressed when τf  λ. However, this suppression is in-
troduced by controlling the correlation between two sub-
sequent emissions, while the LPM suppression actually
happens on the level of single emission rate. Moreover,
the logarithmic factor in equation 57 depends on the in-
frared cut-off 2, therefore the prediction is cut-off depen-
dent, though logarithmically slow. This is because that
the prescription changes the second emission rate in the
same way no matter how soft the previous emission is.
This is, in fact, a feature we have avoided in this work.
B. The “blocking radiation” approach
Another method [30] will be termed as the “blocking
radiation approach”. Similar to this work, the splitting is
2 This cut-off is chosen to be ω > piT in [29]
also first generated through an incoherent process at time
t′. It is then followed by a self-consistent determination of
formation time with elastic broadening similar to the pro-
cedures described in section III. However, different from
this work, the “blocking radiation approach” implements
the LPM suppression by requiring that no additional ra-
diation is allowed during the formation time of the previ-
ous one, while remembering that in our approach, the
emitter can have an arbitrary number of independent
“pre-formed” final-state copies. Again, this “blocking ra-
diation” approach introduces correlations between subse-
quent emissions. A closer investigation reveals a bigger
problem. In an infinite medium, this approach reduces
every τf/λinel incoherent emission to one. λinel is the
mean-free-path of incoherent inelastic collisions, and is
related to the elastic mean-free-path by λinel ∝ λel/αs.
It only results in an overall reduction in the radiation
spectrum without changing its shape, and the suppres-
sion factor λinel/τf is off by a power of αs compared to
the expected one λel/τf .
C. Comparison with the modified Boltzmann
approach and the analytic results
In Figure 6, we show the calculation of “energy loss”
defined in 52 of a quark in an “infinitely large” medium.
The results presented are normalized by 1/(α2s
√
ET 3) in
anticipation of the scaling dE/dL ∝ α2s
√
ET 3. For each
column, we double the value of αs and for each row, the
temperature is increased by 0.2 GeV. Within each sub-
plot, the parton energy varies from 10 GeV to 200 GeV.
The three Monte-Carlo methods of medium-induced en-
ergy loss are shown in colored lines and NLL AMY re-
sults are shown as black lines. As expected, the modified
Boltzmann approach (red-dashed lines) which describes
the radiation spectrum also reproduces the energy, tem-
perature, and coupling constant dependence of the en-
ergy loss. The method used in the improved-Langevin
equation (blue-dash-dotted lines) has a similar energy
and temperature dependence as the theoretical baseline;
however, it systematically deviates from the baseline for
different values of the coupling constant in a logarithmic
manner. For the “block radiation” approaches, the devi-
ations from the baseline regarding their αs-dependence
is completely off, which is not surprising as we have dis-
cussed its shortcomings.
VII. SUMMARY AND OUTLOOK
We have investigated the modification to the semi-
classical Boltzmann transport equation to include the
LPM effect for parton splitting processes in the deep-
LPM region, with the guidance from the leading-log and
the next-to-leading-log solutions of the AMY equation.
The running coupling effect has also been implemented.
The overall level of agreement between the simulated re-
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FIG. 6. Energy loss per unit path lengh dE/dL as a function of energy E, temperature T and coupling constant αs. Each
column corresponds to a value of the coupling constant αs = 0.075, 0.15, 0.3, and 0.6 (from left to right). Each row corresponds
to a temperature of T = 0.2, 0.4, and 0.6 GeV (from top to bottom). dE/dx is divided by the expected scaling α2s
√
ET 3. The
MC implementations of the LPM effect referred to as “modified Boltzmann”, “coherence factor”, and “blocking radiation”
approaches are shown with red-dashed lines, blue-dash-dotted lines, and green-dotted lines respectively. The AMY NLL results
are denoted as black boxes.
sults and theoretical calculations in the infinite medium
limit is promising given the simplicity of this Monte-
Carlo procedure. Although it is developed for the deep-
LPM regime, this approach captures qualitative features
of the path-length dependence of medium-induced split-
tings and the qualitative change of the spectrum shape in
an expanding medium compared to the static case. Fu-
ture study will focus on improved treatment in a thin
medium, and consistent inclusion of the heavy-quark
mass effect into the current approach.
Being able to calibrate a Monte-Carlo transport model
to the theoretical calculation is important. As we have
demonstrated in section VI, different modeling of the
medium-induced radiation can bias the extraction of the
interaction strength between the probe and the medium.
The design of this modified Boltzmann transport ap-
proach and its systematic comparison to theoretical cal-
culations allow us to reduce and estimate the uncertainty
in these implementations. This is instrumental for per-
forming an examination of theoretical assumptions and
a more meaningful phenomenological extraction of jet
transport properties from future model-to-data compar-
isons in transport model-based studies.
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A. APPROXIMATION OF THE 2→ 3
MATRIX-ELEMENTS
Regarding the large-q 2 → 3 matrix-elements, in pre-
vious study [48], we emploied an improved version of the
original Gunion-Bertsch cross-section that works under
the limits k,q  √s and xq  k [49–51]. The origi-
nal Gunion-Bertsch cross-section [49] only works for soft
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emissions x = k+/p+  1. With the improvements made
in [50, 51], the agreement with the exact matrix-elements
is extended to larger x, but still the splitting function is
only reproduced to O(x). In the present study, we relax
the condition xq  k in the derivation, so that the full
leading order vacuum splitting function can be recovered.
We summarize the matrix-elements here,
|M2|g+i→g+g+i = |M2|g+i→g+iP g(0)gg Dggg, (58)
|M2|g+i→q+q¯+i =
CF dF
CAdA
|M2|g+i→g+iP g(0)qq¯ Dgqq¯, (59)
|M2|q+i→q+g+i = |M2|q+i→q+iP q(0)qg Dqqg, (60)
where |M2|g+i→g+i, |M2|g+i→g+i and |M2|q+i→q+g+i
are the spin-color averaged two-body collision matrix-
elements with only tˆ-channel contribution. Index i rep-
resent a medium quark / anti-quark or a medium luon.
The P
a(0)
bc (x) terms are vacuum splitting functions of par-
ton a to partons b and c.
P g(0)gg = g
2CA
1 + x4 + (1− x)4
x(1− x) , (61)
P q(0)qg = g
2CF
1 + (1− x)4
x
, (62)
P
g(0)
qq¯ = g
2Nf
2
(
x2 + (1− x)4) . (63)
Finally, the Dabc terms are,
Dgqq = CA(a− b)2 + CA(a− b)2 (64)
− CA(a− b) · (a− c),
Dgqq¯ = CF (a− b)2 + CF (a− b)2 (65)
− (2CF − CA)(a− b) · (a− b),
Dqqg = CF (c− a)2 + CF (c− b)2 (66)
− (2CF − CA)(c− a) · (c− b),
with the vectors given by
a =
k− xq
(k− xq)2 , (67)
b =
k− q
(k− q)2 , (68)
c =
k
k2
. (69)
B. ENERGY AND COUPLING CONSTANT
DEPENDENCE OF THE SPLITTING RATE
In this appendix, we provide comparisons of splitting
rate at different values of energy and coupling constant
for the reader’s references. Fig. 7, Fig. 8 and Fig. 9
shows the comparison for channels q → q + g, g → g + g
and g → q + q¯ respectively. The results are shown as
the ratio between the simulations and the NLL solution.
Within each figure, the mother parton energy is 10 GeV,
100 GeV, and 1000 GeV from the top to bottom plot.
We have used two coupling constants at αs = 0.1 (red
solid lines) and αs = 0.3 (blue dashed lines).
[1] A. Collaboration (ATLAS), (2012), ATL-PHYS-PUB-
2012-002, ATL-COM-PHYS-2012-1116.
[2] B. Abelev et al. (ALICE), J. Phys. G41, 087002 (2014).
[3] Y. Wang and the Star Collaboration, Journal of Physics:
Conference Series 535, 012022 (2014).
[4] A. Adare et al. (PHENIX), (2015), arXiv:1501.06197
[nucl-ex].
[5] C. Collaboration (CMS), (2017), CMS-PAS-FTR-17-
002.
[6] X.-N. Wang, M. Gyulassy, and M. Plumer, Phys. Rev.
D51, 3436 (1995), arXiv:hep-ph/9408344 [hep-ph].
[7] B. G. Zakharov, JETP Lett. 63, 952 (1996), arXiv:hep-
ph/9607440 [hep-ph].
[8] R. Baier, Y. L. Dokshitzer, A. H. Mueller, S. Peigne,
and D. Schiff, Nucl. Phys. B484, 265 (1997), arXiv:hep-
ph/9608322 [hep-ph].
[9] B. G. Zakharov, JETP Lett. 65, 615 (1997), arXiv:hep-
ph/9704255 [hep-ph].
[10] P. B. Arnold, G. D. Moore, and L. G. Yaffe, JHEP 01,
030 (2003), arXiv:hep-ph/0209353 [hep-ph].
[11] M. Gyulassy, I. Vitev, X.-N. Wang, and B.-W. Zhang,
, 123 (2003), arXiv:nucl-th/0302077 [nucl-th].
[12] A. Kovner and U. A. Wiedemann, , 192 (2003),
arXiv:hep-ph/0304151 [hep-ph].
[13] S. Jeon and G. D. Moore, Phys. Rev. C71, 034901 (2005),
arXiv:hep-ph/0309332 [hep-ph].
[14] J. Casalderrey-Solana and C. A. Salgado, Theoretical
physics. Proceedings, 47th Cracow School, Zakopane,
Poland, June 14-22, 2007, Acta Phys. Polon. B38, 3731
(2007), arXiv:0712.3443 [hep-ph].
[15] M. Djordjevic and U. W. Heinz, Phys. Rev. Lett. 101,
022302 (2008), arXiv:0802.1230 [nucl-th].
[16] S. A. Bass, C. Gale, A. Majumder, C. Nonaka, G.-Y.
Qin, T. Renk, and J. Ruppert, Phys. Rev. C79, 024901
(2009), arXiv:0808.0908 [nucl-th].
[17] B. Schenke, C. Gale, and S. Jeon, Phys. Rev. C80,
054913 (2009), arXiv:0909.2037 [hep-ph].
[18] A. Majumder, (2009), arXiv:0901.4516 [nucl-th].
[19] A. Majumder and M. Van Leeuwen, Prog. Part. Nucl.
Phys. 66, 41 (2011), arXiv:1002.2206 [hep-ph].
14
FIG. 7. Ratios of splitting rate dR/ω between the modified
Boltzmann simulation and the NLL solution for q → q + g
splitting. The quark energies are E is 10, 100, and 100 GeV
from top to the bottom plot. And two coupling constants are
used: αs = 0.1 (red solid lines) and αs = 0.3 (blue dashed
lines). ω stands for the gluon energy. The horizontal dashed
lines denote ±10% deviation from unity.
[20] N. Armesto et al., Phys. Rev. C86, 064904 (2012),
arXiv:1106.1106 [hep-ph].
[21] K. C. Zapp, J. Stachel, and U. A. Wiedemann, JHEP
07, 118 (2011), arXiv:1103.6252 [hep-ph].
[22] G. Ovanesyan and I. Vitev, JHEP 06, 080 (2011),
arXiv:1103.1074 [hep-ph].
[23] Z.-B. Kang, R. Lashof-Regas, G. Ovanesyan, P. Saad,
and I. Vitev, Phys. Rev. Lett. 114, 092002 (2015),
arXiv:1405.2612 [hep-ph].
[24] S. Cao, T. Luo, G.-Y. Qin, and X.-N. Wang, Phys. Rev.
C94, 014909 (2016), arXiv:1605.06447 [nucl-th].
[25] K. Kauder (JETSCAPE), in 27th International Con-
ference on Ultrarelativistic Nucleus-Nucleus Collisions
(Quark Matter 2018) Venice, Italy, May 14-19, 2018
(2018) arXiv:1807.09615 [hep-ph].
[26] S. Cao et al. (JETSCAPE), Phys. Rev. C96, 024909
(2017), arXiv:1705.00050 [nucl-th].
[27] A. B. Migdal, Phys. Rev. 103, 1811 (1956).
[28] R. Baier, Y. L. Dokshitzer, A. H. Mueller, S. Peigne,
and D. Schiff, Nucl. Phys. B483, 291 (1997), arXiv:hep-
FIG. 8. The same as Fig. 8, but for the g → g + g splitting,
and ω stands for either energy of the final state gluon.
ph/9607355 [hep-ph].
[29] S. Cao, G.-Y. Qin, and S. A. Bass, Phys. Rev. C88,
044907 (2013), arXiv:1308.0617 [nucl-th].
[30] C. E. Coleman-Smith and B. Muller, Phys. Rev. C86,
054901 (2012), arXiv:1205.6781 [hep-ph].
[31] Z. Xu and C. Greiner, Phys. Rev. C71, 064901 (2005),
arXiv:hep-ph/0406278 [hep-ph].
[32] P. B. Gossiaux, Proceedings, 5th International Con-
ference on Hard and Electromagnetic Probes of High-
Energy Nuclear Collisions (Hard Probes 2012): Cagliari,
Italy, May 27-June 1, 2012, Nucl. Phys. A910-911, 301
(2013), arXiv:1209.0844 [hep-ph].
[33] C. Park, Jet energy loss with finite-size effects and run-
ning coupling in MARTINI, Master’s thesis, McGill Uni-
versity, Montre´al, Que´bec (2015).
[34] U. A. Wiedemann, Nucl. Phys. B588, 303 (2000),
arXiv:hep-ph/0005129 [hep-ph].
[35] M. Gyulassy, P. Levai, and I. Vitev, Nucl. Phys. B571,
197 (2000), arXiv:hep-ph/9907461 [hep-ph].
[36] S. Caron-Huot and C. Gale, Phys. Rev. C82, 064902
(2010), arXiv:1006.2379 [hep-ph].
[37] R. Baier, Y. L. Dokshitzer, A. H. Mueller, and D. Schiff,
Phys. Rev. C58, 1706 (1998), arXiv:hep-ph/9803473
[hep-ph].
[38] J. Ghiglieri, G. D. Moore, and D. Teaney, JHEP 03, 095
15
FIG. 9. The same as Fig. 8, but for the g → q + q¯ splitting,
and ω stands the energy of the quark.
(2016), arXiv:1509.07773 [hep-ph].
[39] J. F. Owens, Rev. Mod. Phys. 59, 465 (1987).
[40] P. Aurenche, F. Gelis, and H. Zaraket, JHEP 05, 043
(2002), arXiv:hep-ph/0204146 [hep-ph].
[41] P. B. Arnold, G. D. Moore, and L. G. Yaffe, JHEP 06,
030 (2002), arXiv:hep-ph/0204343 [hep-ph].
[42] P. B. Arnold, G. D. Moore, and L. G. Yaffe, JHEP 05,
051 (2003), arXiv:hep-ph/0302165 [hep-ph].
[43] P. B. Arnold and C. Dogan, Phys. Rev. D78, 065008
(2008), arXiv:0804.3359 [hep-ph].
[44] Y. Mehtar-Tani, (2019), arXiv:1903.00506 [hep-ph].
[45] J. D. Bjorken, Phys. Rev. D 27, 140 (1983).
[46] X. Guo and X.-N. Wang, Phys. Rev. Lett. 85, 3591
(2000).
[47] A. Majumder, Phys. Rev. D85, 014023 (2012),
arXiv:0912.2987 [nucl-th].
[48] W. Ke, Y. Xu, and S. A. Bass, (2018), arXiv:1806.08848
[nucl-th].
[49] J. F. Gunion and G. Bertsch, Phys. Rev. D 25, 746
(1982).
[50] O. Fochler, J. Uphoff, Z. Xu, and C. Greiner, Phys. Rev.
D88, 014018 (2013), arXiv:1302.5250 [hep-ph].
[51] J. Uphoff, O. Fochler, Z. Xu, and C. Greiner, J. Phys.
G42, 115106 (2015), arXiv:1408.2964 [hep-ph].
